The fundamental mechanism for magneto-rheological clutches, switches and devices is the ability of magnetic fields to induce relatively thick, linearly extended structures which span the relevant fluid medium. Recent observations have shown these to form via initial thin, linear, chain-like threads along the field lines, which then associate laterally via a diffusion-controlled process into the relatively thick columns which give rise to the enhanced rheology of the fluid. A theoretical analysis is given herein which accounts for these two types of associations. By considering the interaction energy between parallel aligned free chain segments, the theory reveals a tendency for the threads to associate at their overlapping ends, thereby forming thick columns. The weak overlapping thus accounts for the ability of the columns to disperse rapidly once the field has been removed. Tentative geometries for the initial morphology of these secondary column clusters are proposed.
Introduction
Colloid science may be considered as the study of the properties of particles within their collective media. Whilst much experimental and theoretical characterization focuses on the constituent individual particles, the majority of the practical uses of the fluids and suspensions relate to the collective functions of the media as a whole. Furthermore, theoretical studies more often than not view the particles as spheres [1] and consider their regular interactive forces as the starting point for the explanation of flocculation, deflocculation, aggregation or stable suspension behaviour.
Increasingly, however, practical applications are being introduced which depend upon interparticle associations which are quite specific to the size, shape and physical characteristics of the particles, within the media and environment in question. Typical examples might be the long-and short-range structures encountered in lyotropic liquid crystals [2] , the behaviour of pillared, associated platey clays [3] and card-house mineral stacks [4] to mention but a few.
It has long been recognized [5, 6] that the electrical nature of colloids makes them readily influenceable by externally applied electric fields. The formation of particle bridges and trees along the field lines has long been studied, primarily in connection with electrical breakdown in fluids. Quite discrete, field-induced structures [7] rather like the chevron arrays observed in liquid crystals [8] have been reported for specific particle shapes and classes. An extension of this has been utilized in the field of electro-rheology [9] where strong, electrically-induced structures form, which drastically influence the rheology of an otherwise fluid suspension. Whilst these currently form the basis of practical applications [10] , theoretical descriptions of such effects are less readily formulated, often because they relate to quite specific combinations of properties which are peculiar to the system in question.
Closely related to the electro-rheological phenomena are the magnetically-induced effects in ferrofluids and other related colloidal magneto-fluids [11] [12] [13] [14] . These are suspensions either of surfactant-coated magnetic particles [12, 13] or of non-magnetic synthetic particles which have been impregnated with smaller magnetic elements [14] . Currently such media are finding practical utility for magneto-mechanical clutch and valve devices [15] [16] [17] .
During a recent experimental magneto-optic and diffraction study of a magnetite-based fluid, the present authors [18] reported three discrete regimes of behaviour, classified in terms of the magnetic field intensity. At low field, the magnetic particles and any pre-existing aggregates [19] [20] [21] [22] tend to align independently along the field lines. At higher field intensities, long independent threads formed parallel to each other and in the magnetic force field direction, but laterally displaced throughout the medium. Such threads have been observed in a host of previous studies [12, [23] [24] [25] [26] [27] [28] where they have been attributed to the association of elongated droplets of phase-separated material [24] . Third, and with time, these threads associate to form thick 'columns' or 'ropes' [29, 30] along the field lines. These structures have also been well reported previously [30] [31] [32] [33] . Fermigier and Gast [32] noted that the threads associated relatively slowly to form the columns, and that this was independent of the magnetic field intensity and thus was a diffusion-controlled lateral association. Jennings et al [18] further noted that a finite delay time was needed before the columns started to form and that this was field-strength dependent. Once initiated, however, they formed at a field-dependent rate. Furthermore, whilst the former authors claimed the column formation to be irreversible with their system, this was not the case in the latter study for which post-field dispersion was rapid.
Such linear and columnar formations are evidently highly significant for magneto-rheological device behaviour. Whilst many experimental studies have sought to characterize the agglomerates, there have been few theoretical approaches [3] [4] [5] [6] [34] [35] [36] [37] that seek to account for the mechanisms of their formation throughout the practical field intensity range. The most significant to date has been that of Satoh et al [36, 37] , who developed equations for the interactive force between elementary spherical dipoles to form linear structures. Whilst these tended to mutually repel, attraction could be encountered if the threads were parallel, close together and displaced along their length so that a sphere on one thread coincided with the interspace between spheres on a parallel thread. Using Monte Carlo methods they generated schematic pictures of columnlike structures throughout the medium. To account for the thickness of the columns, they needed to hypothetically invoke a preliminary but unobserved association of the primary dipoles into large spherical 'clusters' of dipoles, which they then considered as the spherical elements for the association into threads. This pioneering approach however was limited, in that the authors gave no indication of the formation, nor indeed of the existence of such primary 'clusters', nor how the idealized threads ever approached close enough for them to effect column formation.
The approach adopted below starts from the same point as that of Satoh et al, but without the need to invoke the 'clusters'. It is shown that the interactive force between elementary droplet or particle threads is much stronger for parallel thread elements with overlapping ends rather than the limited consideration of the longitudinal displacement of neighbouring threads by a spherical radius. The 'overlapping end' model also readily allows close access by free diffusion. A model for the building-up of 'thick' columns directly from the independent threads is presented, which indicates compatibility with fast redispersion upon field removal.
The treatment is developed in the following stages. First, the potential energy is considered for a pair of identical dipolar particles each of dipole moment µ and assumed to be spherical of radius a in a magnetic field of intensity H . This is then extended to the case of a single particle in the neighbourhood of a linear thread of such particles, before two parallel chains are analysed. Finally, some speculative proposals on the more complicated cases of planar arrays of parallel threads are presented. 
Two identical aligned dipoles
Two dipoles of moments µ 1 and µ 2 in azimuthal orientations (ϑ 1 , ϕ 1 ) and (ϑ 2 , ϕ 2 ) relative to the axial direction (z) in which a magnetic field of intensity H is to be applied, experience a potential energy U when separated a distance r at a relative displacement angle γ as shown in figure 1. Then
( 1) where i z is a unit vector in the field direction. If the moments are of equal magnitude µ then
In a constant magnetic field, each dipole will orient into the field vector to a degree described by the Langevin function L(β) with β = µµ 0 (H /kT ), where k is the Boltzmann constant and T is the absolute temperature. The average interaction energy comes from averaging over all possible orientations, i.e.
and the solid angles
with i = 1 or 2. At equilibrium, the distribution function f has the Boltzmann form so that
with A the normalization factor given by
hence, in the presence of the magnetic field,
or in terms of an effective dipole moment which depends upon the efficiency of the field-
This is in accord with the r −3 scaling indicated by Halsey and Toor [34] when considering the statistical mechanical approach to structure formation in electro-rheological fluids. The force between the dipoles is found from the expression
(1 − 3 cos 2 γ ) r 4 (9) and the average force, obtained from the normalization factor
This is attractive and favours coalescence along the magnetic field lines as has often been seen in practice [11, 26, [31] [32] 38] . What has not been considered generally, except by a few workers [21, 26] , but has been noted experimentally [18, 21] , is the repeatable, finite time for this to occur. One can relate this force to the frictional coefficient (6πηa) in the medium of viscosity η. Hence, for a drift velocity v over a distance of separation r, with F equated to 6πηav, the average time to coincide is
with µ replaced by the product (M 0 V 0 ) for the magnetization and volume of the particles respectively. Hence, in terms of the volume fraction σ of the particles in the fluid,
As might be expected, the lower the viscosity and the greater the magnetization, the faster is the linear dimerization along the field lines. For non-spherical dipoles, this equation must incorporate a shape factor, but it will still have the same overall form. Hence, the effect is not confined to one particle shape, and thus it indicates the general time-dependent evolution of linear threads in the magnetic field direction. Analogous theory applies to electrically polar particles in electric fields and both electric and magnetic threads have long been observed in various colloidal suspensions [6, 34] . A graphical representation of the variation in the averaged interaction energy is shown in figure 2 , as a function of the angle γ and for chosen increasing field strengths, expressed via the parameter β. For ease of presentation the energy has been normalized to that for identical dipoles parallel to the field with γ = 0 and in direct contact (r → 2a). Negative relative potential energies indicate parallel attraction. Hence, this is always most favoured when the dipoles are initially prealigned in the field direction with γ = 0. The greater the field strength, the stronger the attraction. Furthermore, from figure 2(b), the closer the particles the more likely they are to coalesce, with the implication that concentrated media more readily demonstrate the linear affiliation. Three further points are noteworthy for the case of the larger extended elements encountered in magneto-rheological fluids. First, the relative orientation of the dipoles, expressed in the angle γ with respect to the applied field direction, determines whether interaction is favoured. Hence, a finite time for field-induced alignment and aggregation would likely be encountered with non-spherical particles as they must rotate to achieve this situation. Second, figure 2(b) indicates the Langevin-type build-up and saturation of the energy (and the alignment) and, third, as U is a function of (μ) 2 , the larger particles (with their larger magnetization) will tend to dominate the initial stages of the process.
A lateral particle and a linear-thread
Of greater interest is the process of lateral association which follows the establishment of the linear in-field longitudinal threads seen in magneto-rheological suspensions. It is initially convenient to consider the force on a single particle in the neighbourhood of a thread of N touching particles lying in the field, as shown in figure 3 . The interaction energy between the single particle and an arbitrary ith particle within the chain is
with
Hence, summing over all the i elements in the chain,
which when normalized to the interaction energy between two closely contacted dipoles i.e.
leads to the expression
Such an expression can be enumerated via selected values for the displacement of the remote particle along the chain (z 0 ) and its lateral spacing from it (r 0 ); the chain being characterized by N elements of diameter 2a. Illustrative data are calculated and displayed in terms of diameter-related dimensions. Typical responses are shown in figure 4 which displays certain general characteristics. When the individual particle is close to the linear aggregate (r 0 ∼ = 2a) the energy curve is sensitive to the exact location (z 0 ) of the particle relative to those in the chain. The energy fingerprints the points of close contact and can even indicate local attraction (negativē U ) at positions between the particles. The significant feature, however, is that it is just beyond the ends of the chain that the sole particle really experiences conditions of strong attraction to the chain, and even this does not necessarily persist over long distances. As the number (N ) of elements in the chain grows, so the local energy fluctuations smooth out (see figure 5 for which N = 30) and repulsion is experienced along the chain length. The end attractions still persist however. Similar effects are predicted to occur as the separation distance r 0 is increased.
It is of interest to analyse this end-effect via the force on the lone particle. When resolved into the two components in the r 0 and z directions and normalized to the force between two closely contacted dipoles with parallel head-to-tail moment alignment, one has
and
The nature of these functions at the end of the chain are shown in figure 5 . Both force components weakly repel the lone particle from anywhere along the chain. At the ends, however, whether the particle is at z 0 < 0 or z 0 > 2aN, it experiences an attractive lateral force (F ⊥ ) towards the chain axis and a longitudinal force (F ) towards the chain centre. The long pearl chain formation is thus apparently enhanced. Although not shown in the figure, the lateral force diminishes as the particle is removed further from the chain. In all cases, dipoles located towards the chain centre are left inactive (figure 6).
Two parallel long chains of particles
As mentioned previously, recent observations on magnetorheological structures have indicated that, in the presence of applied magnetic fields, the sub-micrometre particles associate into long threads along the magnetic field lines [31, 32] . Diffraction studies [18] have indicated that whilst these are independently dispersed essentially in parallel throughout the body of the medium, in time they slowly come together and associate into longer and thicker 'columns' along the field lines [29] . The process appears to be diffusion controlled [31] , but is not by free diffusion in that, in the absence of any magnetic field, the threads disperse. It is this tendency of the linear chains to associate laterally when in the magnetic field to form the thicker columns that has received hitherto little theoretical account. It is simpler to consider the interaction energy between two identical, parallel cylinders, with one longitudinally displaced by z 0 relative to the other and spaced laterally at a distance r 0 from it (figure 7). The energy (dU ) due to the two dipole elements shown in each chain has the form
with If the coordinates of these elements are at distances z 1 and z 2 from the left end of each chain, then
Summing for all cross-wise pairs in the chains, the total interaction energy between the chains has the form
which, when integrated, has the form in which
One specific case of this general equation is that for strictly parallel chains with z 0 = 0 when the energy of the system becomes
This is always positive, so that the chains always repel under this condition. In figure 8 , equation (25) is expressed graphically for two specific lateral separations of the chains, namely with r 0 a tenth and a fiftieth of the chain length L. In figure 8 , the energy has been normalized to that for a touching dipole pair. From figure 8 one notices the following. (i) That there is strong repulsion between the chains when in exact or close juxtaposition. This again is in concord with the statistical mechanical predictions on similar structure formations in electro-rheological fluids [34] . However, it is of extreme significance in the study of magnetorheological fluids as it implies that the association of fieldinduced filaments into the thick 'columns' observed under the microscope, and apparently formed by free diffusion of the linear fibres when aligned parallel in the magnetic field, cannot come together in this way by simple free diffusion. (ii) However, when the parallel chains have a long relative displacement between them so that their ends overlap, the energy of the system becomes negative, and there is an attractive affinity between the overlapping ends. Such an attraction does not persist as the chains are continuously displaced as when z 0 significantly exceeds L. Hence, in the case of these fluids, there is a strong tendency for the thin elongated fibres to associate laterally with each other, but only via overlapping ends and when they are held in a magnetic field to keep them parallel, and for a time which is sufficient for them to diffuse to be close enough together.
(iii) A third feature can be appreciated from a graphical analysis of equation (25) for parallel threads which have been hypothetically brought close together (r 0 ∼ = 2a) and in which one chain is successively displaced along the other, with z 0 incrementally increased. This is similar to the case reported by Satoh et al [36] for magnetic fluids and Halsey and Toor [34] for electro-rheological fluids. From figure 9 , oscillations in the energy curve become apparent and weak attractions can be evidenced as z 0 is increased by dipole diameters along the 'fixed' reference chain. Two features are apparent, namely that attraction is only experienced for r 0 < 3a and that repulsion is encountered for all conditions of approach from greater separations than this. Mechanisms of parallel or pseudo-parallel diffusion over such a repulsive energy barrier into this aggregation are thus prohibited. Another feature is that the attraction at the overlapping ends is far stronger than that encountered via these internal oscillations. Furthermore, the overlap forces at the ends persist for all values of the separation parameter r 0 . Hence the diffusion into endoverlap association is feasible whatever the initial chain lateral displacement.
The implications of these observations for column formations is apparent. Whilst agreeing with the mode of analysis adopted by Satoh et al, the present authors draw attention to the overlapping of the ends of parallel threads as the means of column growth rather than a consideration of the local juxtaposed dipole displacement of closely parallel chains. This is in concord with the experimental observation that the threads appear to retain their identity (as seen via their magnetic dichroism behaviour in [18] ) and that the columns rapidly disperse upon removal of the magnetic field. The ability of further chain elements to compound the overlap, and thus to thicken the columns, negates any need to invoke primary, large spherical clusters.
Compounded arrays of parallel threads
In figure 6 it is seen that the resultant force acting at the overlapping ends of a pair of threads inclines towards the neighbouring chain ends. It is therefore of interest to conjecture as to the possible morphology of the threedimensional structures that might be formed from the association of a number of such filaments. Consider an overlap junction formed by two filaments. The disaffiliation of close parallel chains would indicate that a suitably oriented third chain would join the overlap junction by adopting a maximum displacement from its parallel partner. It could thus form the third member of a planar sheet ( figure 10(a) ). Once formed, any fourth member would be likely to extend the sheet as shown by the dotted extension in figure 10(a) .
If, however, the four elements come together somewhat simultaneously, a more stable structure would be that of figure 10(b) in which parallel pairs form quadrature planes to each other. This second array has the characteristic that, once initiated, additional growth of the aggregate would be by the addition of further filaments, essentially along the direction of the orienting field lines. This is shown by the dotted additions in figure 10(b) . Whilst the first model would account for a lateral growth (albeit in a single plane) of the columns, the second has the advantage of growth along the field lines, in closer harmony with experimental observations. It also has the attractive feature of only a relatively small number of points of association at the overlapping ends thereby indicating a weak bonding between the planar segments. This would facilitate a more rapid dissociation and dispersion of the structure upon removal of the field, as observed in experiment [18] .
A combination of these, and indeed of other structures, is possible. Such models are however too complex to justify by analytical numerical analysis, but would be accessible to the Monte Carlo approaches adopted elsewhere [37] . A definitive description must await further study.
Concluding comment
The earlier reported experimental study [18] and the current theoretical analysis of the same are broadly in concord with the general studies reported in the literature for patterns and structures induced in magnetically activated colloidal fluids. It is apparent that phase-separated threads form throughout the media, accompanied by an impressed structural anisotropy. Such effects are accompanied by changes in the rheological properties of the medium.
For low intensity fields, these effects only occur after a threshold field strength is reached and an induction time has elapsed. With higher field strengths, more dense and complex structures form throughout the medium, which readily disperse upon removal of the field.
It is not unreasonable to suggest that, if used for practical rheological control devices, awareness of these induction periods and field strength dependence effects is necessary if devices and switches are to function with reliable and repeatable performance.
